This paper develops and experimentally demonstrates a robust automatic parallel parking algorithm for parking in tight spaces. Novel fuzzy logic controllers are designed for each step of the maneuvering process. The controllers are first demonstrated by simulation using the kinematic model of a skid steering autonomous ground vehicle (AGV). They are then demonstrated experimentally on a skid steering AGV and it is shown that the developed algorithm has the ability to parallel park AGVs in tight spaces under both vehicle localization errors and parking space detection errors. This paper also presents a genetic fuzzy system which uses a genetic algorithm's learning ability to determine effective parameters for the developed fuzzy logic controllers. The genetic fuzzy system is used to tune the fuzzy logic algorithm for both a skid steering AGV and a front-wheel steering AGV.
Introduction
This research is aimed at developing a robust automatic parallel parking controller for autonomous ground vehicles (AGVs). The objective is to efficiently store an AGV when it is not in operation, which is an important task for both industrial and military applications. This technology can also be used to alleviate the driving burden and enhance safety in next-generation passenger vehicles.
The automatic parallel parking problem has previously attracted a great deal of attention among researchers. Current approaches to solving this problem can be classified into two main categories: 1) the path planning approach, where a feasible geometry path is planned in advance, taking into account the environmental model as well as the vehicle's dynamics and constraints, and then control commands are generated to follow the reference path; 2) the skill-based approach, where fuzzy logic or neural networks are used to acquire and transfer an experienced human driver's parking skill to an automatic parking controller. There is no reference path to follow and the control command is generated by considering the orientation and position of the vehicle relative to the parking space.
For path planning Paromtchik and Laugier [13, 19, 20] proposed a parallel parking approach for a nonholonomic vehicle. A parking space is scanned before the vehicle reverses into the parking bay. The vehicle then follows a sinusoidal path in backward motion; that is the control commands (steering angle and velocity) are generated such that the corresponding (x, y) path is sinusoidal.
To keep the vehicle from colliding with the front left corner of the parking bay, a collision-free start position is obtained from an off-line lookup table according to the length of the parking bay and the lateral distance of the vehicle to the front left corner of the parking bay. Jiang and Seneviratne [12] also studied sensor guided autonomous parking, where the process consists of three phases: scanning, positioning and maneuvering. The path in the maneuvering phase is constructed by two circular arcs of minimum radius tangentially linked to each other. A forbidden area inside the parking bay is defined for the maneuvering phase to avoid possible collision. Xu, Chen and Xie [24] planned a quintic polynomial curve for the reference path, where the steering angle was obtained by the instant turning radius of the vehicle.
For skill-based parking an artificial neural network was trained to directly map the video sensor's CCD-image of the environment to the corresponding steering angle in the direct neural control architecture for parallel parking [6] . In the fuzzy logic approaches of [10, 17, 18] , the control command (i.e., the steering angle) was generated based on the relative longitudinal and lateral distance of the vehicle to the parking space and the orientation of the vehicle. Fuzzy rules were built for each of the parking steps [10] or for different parking positions [17, 18] . increases the time and cost of implementation. In contrast, a skill-based fuzzy approach generates control commands at each sampling period based on the current position of the vehicle relative to the parking space, it has the ability to compensate actuator errors promptly. Thus, the fuzzy logic approach is a feedback strategy.
Both the path planning approach and the fuzzy approach rely on the environmental modelling and sensor information which are in general approximate, having uncertainties. Fuzzy systems employ a mode of approximate reasoning which enables them to make robust and meaningful decisions under uncertainty and partial knowledge. The nature of fuzzy logic leads to robust control algorithms in spite of sensor uncertainties and control errors.
A fuzzy control based approach was selected in this research also with the intention of producing a generic design, so that the control algorithms could be developed on a laboratory robot and then easily transferred to other prototypes 1 . In addition, fuzzy logic control provides the flexibility to apply a nonlinear control law derived from an experienced human-driver and expressed using words and If-Then rules. Further, fuzzy logic navigation allows various behaviors to be easily combined through a command fusion process [7, 21, 25] . For cost effective implementation a fuzzy controller can be implemented using lookup tables.
The size of the parking space has significant impact on the degree of difficulty of the parallel parking maneuvering. In the category of fuzzy logic approaches references [10, 17, 18] do not explicitly discuss the size of the maneuvering space considered. However, it is observed that in [17] and [18] , the size of the maneuvering space used was twice the length of the vehicle. In the category of path planning approaches references [13, 19, 20] also do not discuss the size of the parking space. In this category the smallest parking space used in reference [12] is 1.67 times the length of the vehicle. To improve the maneuverability and capability of AGVs, the focus of this research is to develop simple fuzzy controllers that can reverse vehicles into tight spaces and to demonstrate the resulting parking algorithm experimentally using the ATRV-Jr mobile robot shown in Figure 1 . A tight space maneuvering algorithm is obtained by proper tuning of the fuzzy controllers. Tuning can be conducted by human operators using trial and error, which is generally time consuming. However, a so-called genetic fuzzy system uses a genetic algorithm's learning ability to automatically tune the parameters of fuzzy controllers. Genetic algorithms (GAs) are a part of evolutionary computing, which is a rapidly growing area of artificial intelligence. GAs can be used to tune the membership functions, rule bases and scaling factors of fuzzy controllers [1, 2, 9, 11, 14, 16] . In this paper, GAs are used in the determination of membership functions and scaling factors for the reverse-motion fuzzy logic controller only (which is the most complex of the three fuzzy controllers that comprise the proposed automatic parking algorithm). The prototype vehicle used for fuzzy logic and genetic fuzzy controller design is a skidsteering vehicle. The genetic fuzzy system is later used to tune the fuzzy algorithm for front-wheel steering AGVs. For both types of vehicles, the rule bases are the same, the only changes made are the membership functions and scaling factors. The results demonstrate the suitability of the reverse-motion maneuvering algorithm for a variety of vehicle platforms. This paper is organized as follows. Section 2 describes the parallel parking problem. Section 3 presents a parallel parking algorithm based on fuzzy logic. Section 4 gives experimental results that demonstrate the capability of the fuzzy algorithm. Section 5 considers two different steering models and tunes the fuzzy algorithm for each system using a genetic algorithm. Finally, Section 6 gives conclusions.
The Parallel Parking Problem
Two important aspects for parallel parking are parking space detection and automatic controller design. In this section, the parking space detection method is discussed and the process of parallel parking is described.
Contour of detected obstacles
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Parking Space Detection
The map of the vehicle's environment has to be built when the vehicle is passing the maneuvering space. Either image sensors or ultrasonic sensors can be used for the task [6, 12, 13, 24] . For examples, by using one or two digital cameras, the image around the vehicle can be acquired in real time, and then an image processing algorithm can be employed to identify the parking space. The built map can provide a contour constructed by the obstacles on the right side of the vehicle. Then, a sufficiently large rectangle can be fit into the contour [10] . As shown in Figure 2 , this rectangle will be the maneuvering space available for the vehicle. To focus the study on the controller design part, it is assumed below that the parking space is detected and to the right of the vehicle. (It is straightforward to generalize the results to the case in which the parking space is on the left-hand side.)
The Three-step Maneuvering Process
The detected space can be described as shown in Figure 3 . The size of the rectangular space is defined as h p × l p , and BK, FT and SE represent the "back," "front" and "side" of the space, respectively. The origin of the local coordinate system is chosen as the intersection of BK and SE. The reverse-motion maneuvering algorithm developed here corresponds to the parallel parking procedure of an experienced human driver [26] and the whole maneuvering process can be completed with the following three steps as illustrated by Figures 4 to 7.
In the first step (see Figure 4) , the vehicle is navigated forward to reach a ready-to-reverse position with the vehicle orientation parallel to the parking space. Here, the ready-to-reverse position for the center of the vehicle is chosen as (l p + 0.5l, h p + 0.65b) in the local coordinate system, where l and b represent respectively the length and width of the vehicle. To reach both the desired position and orientation simultaneously requires a complex fuzzy system. Hence, to yield In the second step (see Figures 5 and 6 ) the vehicle is first reversed into the maneuvering space with an increasing θ until its rear right wheel is at a certain distance from the boundary SE of the space. Then the vehicle is reversed with decreasing θ until one of the rear wheels is very close to the boundary BK of the space.
In the third step the vehicle is moved forward to adjust its position inside the space (see Figure   7 ). The desired final position of the vehicle is that it is parallel to and at the center of the space.
The second and third steps can be repeated several times until the desired final position is reached within some tolerance.
Fuzzy Logic Controller (FLC) Design
Each step of the maneuvering process can be implemented with the use of fuzzy logic techniques as described in the following subsections. The iRobot ATRV-Jr is the autonomous vehicle considered here. The wheels on one side of the ARTV-Jr are mechanically coupled and it uses skid steering to maneuver the robot [27] . To easily generalize the research results to vehicles with as was done in [23] and [15] for fuzzy obstacle avoidance and goal seeking for a skid steering vehicle.
Kinematic Equations of Mobile Robot with Skid Steering
The simulation of the parallel parking algorithm is based on the kinematic model of the ARTVJr. As illustrated in Figure 8 , let (x, y) denote the coordinate of the center of the vehicle in the local coordinate system defined previously, v the total translational velocity, v r and v l the velocity of the right side and left side wheels respectively, θ the angle between the positive x axis and the main axis of the vehicle, andθ the steering rate. Assuming constant velocity, the kinematic model of a skid steering mobile robot can be described as [8] : 
where
At each sampling time, the velocities v r and v l can be obtained using (4) and (5). The motor coupled with the corresponding wheels can be adjusted to reach the desired speed by lower level controllers. Below, it is assumed that the steering rate is adjusted to maneuver the robot while the translation speed v is taken as a constant. Hence, the process of accelerating the vehicle from rest and decelerating to rest is omitted from the simulation.
FLC for Moving the Vehicle to a Ready-to-Reverse Position
As discussed above, this first step is completed by a goal-seeking behavior followed by an orientation adjusting behavior. The fuzzy controller designed for the goal-seeking behavior has one input and one output. The input is the heading angle difference φ, which is the angle from the line connecting the vehicle's center to the target to the heading direction of the vehicle as shown in The fuzzy inference rules for the goal-seeking behavior are listed in Table 1 . For a skid steering vehicle, sinceθ is positive when the right wheels' velocity is bigger than the left wheels' velocity, the fuzzy rules actually require that if the target is to the right of the robot's heading direction, the robot should turn to its right. The basic principles of goal-seeking are as follows:
• If the target is to the right of the robot's heading direction, the robot should turn to its right.
• If the target is to the left of the robot's heading direction, the robot should turn to its left.
• If the target is directly to the front of the robot, the robot should keep straight. The task of the orientation adjusting sub-step is to adjust the heading of the vehicle while reaching the desired x position for the center of the vehicle. The heading angle will be very close to zero after this adjustment. For this fuzzy controller the input is the orientation angle θ, and the output is the steering rateθ. The membership functions are defined as shown in Figure 10 , where NB, NM, Z, PM and PB represent negative big, negative middle, zero, positive middle and positive big respectively. The fuzzy inference rules proposed are shown in Table 2 . This set of fuzzy rules require that the sign ofθ should always be opposite to the sign of θ. The basic notions of the orientation adjusting is as follows:
• If the steering angle is positive, the steering angle rate should be negative.
• If the steering angle is negative, the steering angle rate should be positive.
• If the steering angle is zero, the steering angle rate should be zero. 
FLC for Reversing the Vehicle Into the Parking Space
The reverse maneuvering into the parking space requires a more complex fuzzy logic controller.
As shown in Figure 3 VB represent small, big and very big respectively. The three dimensional fuzzy rules are shown in Table 3 ; there are a total of 18 rules. Empty rules in Table 3 mean the corresponding combination of inputs is invalid (i.e., they imply that either the vehicle is moving away from the parking space or it has entered one of the shaded regions in Figure 3 ). The rationale behind several of the rules is presented here.
• If θ is negative and x a1 is small and y d1 is small, thenθ is positive big, i.e., when the vehicle is very close to both of the boundaries, and its orientation angle is negative, the steering rate should be a big positive number to make the orientation angle positive.
• If θ is zero and x a1 is very big and y d1 is very big, thenθ is zero, i.e., when the vehicle is parallel to the parking space, and the vehicle is outside the parking space, the vehicle should continue to reverse in the same direction.
• If θ is positive and x a1 is big and y d1 is big, thenθ is zero, i.e., when the vehicle is in the middle of the parking space, and the orientation angle is positive, the vehicle should keep the same steering angle. 
FLC for Navigating the Vehicle Forward Inside the Parking Space
The developed fuzzy logic controller has one input, orientation angle θ, and one output, the steering rateθ. The membership functions and fuzzy inference rules are exactly the same as that of the orientation adjustment described in the first step since this step accomplishes essentially the same task, that is adjusting the orientation while simultaneously moving the vehicle forward. 
Algorithm Summary
The three major steps of the parallel parking algorithm were overviewed in Subsection 2.2. The fuzzy logic controllers designed for each of the three steps were described in Subsections 3.2, 3.3 and 3.4. As a summary, Figure 13 shows the flowchart of the entire algorithm. Using the fuzzy logic algorithm of Subsection 3.2, the vehicle first moves to a ready-to-reverse position until the target position, described in Subsection 2.2, is reached within a predefined tolerance. Secondly, using the fuzzy logic algorithm of Subsection 3.3, the vehicle reverses into the parking space until it is very close to the parking boundary described in Subsection 2.2. Thirdly, using the fuzzy logic algorithm of Subsection 3.4, the vehicle navigates forward inside the parking space. The forward navigation stops when either the target parking position is reached or when the vehicle is very close to the front boundary of the parking space. In the latter case, the vehicle will perform the second and third steps repeatedly until the target parking position is reached.
Experimental Implementation
The developed algorithm was first successfully demonstrated under simulation environments 
Vehicle Localization
In order to autonomously navigate and perform useful tasks, a vehicle needs to know its exact position and orientation. The wheel encoders mounted on the motor are used to perform vehicle localization in the experiment for low cost implementation.
It was experimentally observed that errors in odometry accumulate over time due to inaccuracies in the kinematic model, precision limitations of the encoders, and wheel slippage. Several methods can be used to improve the robustness of the fuzzy algorithm under vehicle localization. For high implementation cost alternatives, Kalman filter or extended Kalman filter technique can be used to carefully calibrate odometric data with state measurement signals provided by a redundant sensor (e.g., a gyroscope) to improve the robustness of localization [8, 22] . For low implementation cost alternatives, sonar sensor can be integrated with the system to enhance the robustness as discussed below.
Sonar Sensor Integration
The reverse-motion maneuvering fuzzy controller requires variables describing the relative position of the vehicle to the parking space as input variables. These relative positions can be obtained by vehicle localization with respect to the detected parking space. To compensate parking space detection errors and to prevent collision due to vehicle localization errors during the parking process, information from other sensors (e.g. ultrasonic sensors) can be used.
The ATRV-Jr used in this research is mounted with a ring of 17 sonar: 5 in the front, 5 on each side and 2 at the rear, as shown in Figure 14 . The sonar sensors' information can be integrated in the algorithm for two tasks. First, to compensate for parking space detection and localization errors, sonar s15 is used to detect the edge FT of the maneuvering space (as shown in Figure 3 ) during the reverse-motion step. In Matlab simulation this edge is solely determined by vehicle localization.
In experimental implementation the data obtained from s15 is checked at each sampling time and whenever the detected distance is larger than 90% of the width of the parking space, it is assumed the edge FT is detected. Once the ready-to-reverse position is reached, the vehicle should reverse parallel to the parking space until the edge FT is detected. Second, to avoid possible collision of the vehicle with edges BK and FT while maneuvering within the parking space, data from sonar s0 and s8 are used to determine the switching between reversing and forward-adjusting. In particular, if sonar s0 detected an obstacle within 15cm during the reverse maneuvering, the vehicle was switched to forward maneuvering, and if sonar s8 detected an obstacle within 15cm during forward maneuvering, the vehicle was switched to reverse maneuvering. (It should be mentioned that the above algorithm works for a rectangular parking space; for irregular parking spaces more advanced sensor integration algorithms are needed.) 
Robustness Under Vehicle Localization Errors
The vehicle localization errors in odometry accumulate over time due to inaccuracies in the kinematic model, precision limitations of the encoders, and wheel slippage. The errors can be cleared whenever the onboard PC is restarted. In one set of parking experiments, the entire parking process was repeated five times without reinitializing the robot odometry. It was observed that, due to localization errors, the ready-to-reverse position reached by the first parking step was different for each parking process. The desired ready-to-reverse position was x = 1.951 m, y = 1.248 m and θ = 0 rad relative to the local coordinate system. Table 4 compares the odometry readings from the onboard PC and manually measured data from the five experiments. It is seen that while the data from odometry reading matched the desired target position well, the data from the real (i.e., the manual) measurement did not. In particular, localization errors along the x axis were much bigger than that along the y axis and orientation angle, and the later experiments yielded larger errors. The differences in the ready-to-reverse positions led to different reverse-motion trajectories in the 2nd step of the parking process. In the first four experiments, the mobile robot was successfully parked inside the parking space by the fuzzy controller. In the fifth experiment, the vehicle localization error along x axis was already 1. Table 4 : Vehicle Localization Errors
Robustness Under Parking Space Detection Errors
As described above sonar sensor s15 is used to detect edge FT, and the reverse-motion fuzzy controller takes effect only when this edge is detected. Thus the possible collision of the robot with edge FT due to space detection errors is avoided. For example, it was assumed that the detected length of the parking space was 1.6 times the length of the vehicle and the edge BK was properly detected, while the actual length of the parking space was only 1.4 times the length of the vehicle.
In this case, the robot bumps the edge FT if sonar s15 is not integrated for the edge detection of FT. However, due to the integration of sonar s15, the vehicle was able to successfully park.
Fine-tuning of the FLCs with Genetic Algorithms
The size of the parking space has significant impact on the degree of difficulty of reverse-motion maneuvering. The smaller the space, the more difficult it is to perform the reverse-motion maneu-vering smoothly. The ability to parallel park in small parking spaces reverse-motion maneuvering algorithm was obtained by significant tuning of the proposed fuzzy controllers.
Fine-tuning of fuzzy logic controllers can be performed by either manual trial and error or by using artificial intelligence. In this research manual tuning was first tried and later genetic algorithms (GAs) were used to learn effective parameters for the reverse motion fuzzy controller, the most complex controller in the parallel parking algorithm. GAs can also be used to tune the remaining FLCs although this was not carried out in this research.
GAs search the solution space of a function through the use of simulated evolution, i.e., the survival of the fittest strategy. In general the fittest individuals of any population tend to reproduce and survive in the next generation, thus improving successive generations [3] . The learning ability of genetic algorithms can be used to choose the most effective parameters for fuzzy logic systems.
In this research, a genetic algorithm was used to determine the membership functions and scaling factors only. This is because the expert-based fuzzy rules for parallel parking are standard and there is not much room to modify them. Hence, adjusting these rules along with the other parameters leads to inefficient tuning efforts.
For the specific problem studied, the first priority is to keep the AGV from colliding with the boundaries of the maneuvering space, i.e., constraints need to be enforced in the optimization process. Thus, a constrained optimization problem was considered. A penalty term was added to the fitness function to enforce the constraints. This term was zero if no collision occurred, and was given an extremely high value if the AGV collided with any of the boundaries. In this way, the feasibility of the optimal result was guaranteed.
Design Variables
The first issue of GA tuning is to select the design variables. As shown in Figures 11 and 12 the membership functions of the inputs and output proposed for the fuzzy controller are either triangular-shaped or trapezoidal-shaped. The triangular curve can be represented by the following function,
while the trapezoidal curve can be represented by
Thus the shape of a triangle membership function is determined by the three parameters (a, b, c) and the shape of a trapezoidal membership function is determined by the four parameters (d, e, f, g ).
Tuning the membership functions requires adjustment of the values of these parameters.
Based on the structure of the inputs and output of the fuzzy logic system, the membership functions of the three input variables x a1 , y d1 , θ, and the output, steering rateθ can be defined as:
In these expressions, some of the parameters are fixed (e.g., 0 for µ x1 , 2 for µ x3 ). These parameters were not optimized because they define the boundary limit of the universe of discourse of membership functions.
The output scaling factor is also very important to the fuzzy system. It plays a role equivalent to that of the control gain in a conventional control system and is therefore included in the design where sf represents the output scaling factor. There are a total of 23 parameters to be optimized in this design.
Another important issue for the optimization problem is to determine the cost function. In this research, the tuning was first performed for a skid-steering system. Later, the tuning was extended for a front-wheel steering system to test the suitability of the developed algorithm for other vehicle platforms. For both of the steering systems, the design variables were chosen as described above.
However, different cost functions were chosen for different steering models as shown below.
Tuning for a Skid-steering Vehicle
For a skid-steering vehicle, in particular the ATRV-Jr, the cost function was chosen as (3 The obtained membership functions and scaling factor were used for the simulation of the reverse motion. Even though there is no obvious improvement relative to the results obtained by extensive manually tuning, the tuning process with the GA is more systemic and results in significant time savings for the designers.
Tuning for a Front-wheel Steering Vehicle
One advantage of fuzzy logic control is that it can be easily transferred from one platform to another with few modifications. The reverse-motion maneuvering algorithm previously developed for a skid-steering system was also tuned for an AGV with front-wheel steering (i.e., Ackerman steering) to test its suitability.
The kinematics of a front-wheel steering vehicle are significantly different from those of a skid steering vehicle, and can be described as:ẋ
where φ is the angle between the main axis of the vehicle and the front wheels, and L is the length of the wheel-base of the vehicle.
The previously developed parallel parking system basically simulates the rules of a human driver for car-like front-wheel steering. Thus, the fuzzy control algorithm was expected to perform well with specifically tuned membership functions and scaling factors for the front-wheel steering AGV while using the same set of rules. (This expectation was verified by simulation results as described below.)
The fitness function chosen for front-wheel steering system was selected as (x a /l p + y d /h p + |θ| + penalty). This fitness function is different from that of the skid steering system due to the different kinematics of the two types of systems.
The dimension of the vehicle used in the simulation has a length over width ratio of 2.3846, 
Size of the Parking Space
The size of parking space has significant impact on the degree of difficulty of parallel parking.
Reference [12] studied parallel parking in tight situations by path planning for a front-wheel steering vehicle. The minimum length of the parking space used was 100 cm with a vehicle length of 60 cm.
(This corresponds to 1.67 times the length of the vehicle). Considering the width of this vehicle is 34 cm, the ratio of length over width is 1.765.
It was verified by simulation that the larger the ratio of length over width, the easier the vehicle maneuvering into a parking space for front-wheel steering vehicles. To make the vehicles comparable, a front-wheel steering vehicle with the same ratio was simulated with the fuzzy logic parallel parking algorithm. Simulation results showed that the developed algorithm has the ability to park the vehicle into a space with length 1.4 times the length of a vehicle.
Conclusions
This paper developed and tested a tight space, automatic parallel parking algorithm. The algorithm is described in detail and experimental results show the effectiveness of the controllers.
In this paper, a genetic algorithm was also used for fine-tuning of the fuzzy logic controllers. The developed genetic fuzzy system cannot only exempt human designers from the time-consuming manual tuning process, but also provides a means to transfer the developed algorithm to different vehicle platforms.
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